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0 Introduction
$\mathrm{P}^{2}$ 3
$E$ : $X^{3}+\mathrm{Y}^{3}+Z^{3}=3\mu X\mathrm{Y}Z$
. $\mu\neq\infty,$ $1$ , $\omega,$ $\omega^{2}(\omega=e^{2\pi\dot{\}/3})$ 3




$\chi(\tau)=\sum_{l\in \mathbb{Z}^{2}}\exp\pi i( (\begin{array}{ll}2 33 6\end{array})[l+ \frac{1}{3}(\begin{array}{l}01\end{array})])$
($X$ [Y] $:=\mathrm{Y}tX\mathrm{Y}$ ), $\mu=\theta/\chi$ .
$M_{k}$ (\Gamma (3)) 3 $k$
,
$\oplus M_{k}(\Gamma(3))=\mathbb{C}[\theta,$ $\chi$
, $X$ (3) 3 modular curve , $K(\Gamma(3))=$
$\mathbb{C}(\mu)$ . ,
$\Delta(\tau)=q\prod_{n=1}^{\infty}(1-q^{n})^{24}=3^{-3}$ X3 $(\theta^{3}-\chi^{3})$ , $q=e^{2\pi i\tau}$
$\mathbb{H}_{1}$
$\mu$







(2) Siegel modular form .
$\Gamma^{g}=Sp(g, \mathbb{Z})$ $g$ symplectic , $\mathbb{H}_{g}$ $g$ Siegel
. , $\gamma\in\Gamma^{g}$ $\mathbb{H}_{g}$ $f$ $k\geq 0$ , $f|_{k}(\tau)=\det(C\tau+D)^{-k}f(\langle\tau\rangle)$
, $C,$ $D$ , , $g\cross g$ 2 $\gamma\langle\tau\rangle[]$2
. $\Gamma^{g}$ (n) $\Gamma^{\mathit{9}}$ $n$ , $M_{k}(\Gamma^{g}(n))$
$\mathbb{H}_{g}$
$\Gamma^{g}$ (n) $k$ ,
1
(1) . $X$ $\mathbb{C}$ $g$
, $L$ $X$ very ample line bundle . $N=\dim H$0 $(X, L)$ , $L$
$X$ $\mathrm{P}^{N-1}=\mathrm{P}(H^{0}(X, L))$ ,
$\varphi_{L}$ : \oplus SymlN $(X, L)arrow\oplus H^{0}(X, L^{n})\infty$
$n=0$ $n=0$
kernel . , $\varphi_{L}$
.
Theorem 1.1 (Koizumi [Ko]) $L_{0}$ $X$ ample line bundle . $L=$
$L_{0}^{k}$ , $k\geq 3$ $\varphi_{L}$ . $L$ very ample .
, $L$ normally generated .
Theorem 1.2 (Mumford [M2], Sekiguchi [S], Kempf[Ke]) $L=L_{0}^{k}$ ,
(1) $k\geq 4$ , $\mathrm{k}\mathrm{e}\mathrm{r}\varphi_{L}$ 2 .
(2) $k=3$ , $\mathrm{k}\mathrm{e}\mathrm{r}\varphi_{L}$ 2 3 .
(3) $k=2$ $L$ normally generated , $\mathrm{k}\mathrm{e}\mathrm{r}\varphi_{L}$ 2 , 3 4
.
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, $X$ principal polarization , line bundle
$L_{0}$ . $L=L_{0}^{3}\text{ }$ , 2 3 .
, 3 Birkenhake Lange
([BL]). 3
, , .
$L=L$(H, $\alpha$) $X=V/\Lambda$ ample line bundle . $V$ $g$ $\mathbb{C}$
, A rank $2g$ lattioe . $H$ $V$ Hermite
$E={\rm Im} H$ $E$ (A, $\Lambda$) $\subset \mathbb{Z}$ , $\alpha$ : $\Lambdaarrow \mathbb{C}_{1}^{\mathrm{x}}=\{z||z|=1\}$
$\alpha(\lambda_{1}+\lambda_{2})=\exp(\pi iE(\lambda 1, \lambda_{2}))\alpha(\lambda_{1})\alpha(\lambda_{2})$ A semi-character ,
$L$ (H, $\alpha$) line bundle $V\cross \mathbb{C}$ $\Lambda$
$\mathrm{A}\cross(V\cross \mathbb{C})\ni(\lambda, (v, x))\mapsto(v+\lambda, e_{\lambda}(v)x)$ ,
$e_{\lambda}(v)= \alpha(\lambda)\exp(\pi H(v, \lambda)+\frac{\Gamma}{2}\dot{\prime}$ H$(\lambda, \lambda))$
.
$L$ ample $E$ A , $\mathrm{A}=\Lambda_{1}\oplus\Lambda 2$ tO-
tally isotropic subspace . $V=V_{1}\oplus V_{2}$ , $\Lambda(L)=\{v\in$
$V|E$ (v, $\Lambda$) $\subset \mathbb{Z}\}$ , $K$ (L) $:=\Lambda(L)/\Lambda=K(L)_{1}\oplus K$ (L)2 Riemann-Roch
$\dim H^{0}(X, L)=\#\Lambda(L)_{1}=\#\Lambda(L)_{2}$
.
$H^{0}(X, L)$ (cf. [ $\mathrm{L}\mathrm{B},$ \S 2,
Chapter 3]). $H$ $V_{2}$ $\mathbb{C}$-linear $B$ .
$\alpha_{0}(\lambda)=\exp\pi iE($ \lambda 1, $\lambda_{2})(\lambda=\lambda_{1}+\lambda_{2}\in\Lambda_{1}\oplus\Lambda_{2})$ semi-character $\alpha_{0}$
, $L=L$ (H, $\alpha_{0}$ , $x\in K$ (L)1
$\theta_{x}^{L}(v)=\exp(\frac{\pi}{2}B$ (v, $v$ ) $- \frac{\pi}{2}(H-B)(x+2v, x))$
$\mathrm{x}\sum_{\lambda\in \mathrm{A}_{1}}\exp(\pi(H-B)(x+v, \lambda)-\frac{\pi}{2}(H-B)(\lambda, \lambda))$
$\{\theta_{x}^{L}\}_{x\in K(}$L)1
$H^{0}$ (X, $L$) . $L$ (H, $\alpha$) $L$
, .
$L$ line bundle $L_{0}$ $L=L_{0}^{3}$ [ . $X_{6}$ $X$ 6
$4=X_{6}\cap K$(L)1, $\rho\in\hat{Z}_{6}=\mathrm{H}\mathrm{o}\mathrm{m}$ ( $Z_{6},$ $\mathbb{C}$x)




Theorem L3 (Cubic theta relations, $[\mathrm{B}\mathrm{L}$ , Theorem 3.3]) $L$ $X$ ample line




$=\theta$(y$\acute{1}$ ,y’),p(0) $\sum_{b\in Z_{6}}\rho$(b) $\theta_{y}^{L}1+y2+y3+2b\theta^{L}y_{1}-$ ,$2+y3+2$’$\theta_{-2}^{L}y1+y3+2b.$
$\rho\in\hat{Z}_{6}$
2 $y_{1},$
$y_{1}’\in K$ (L6)1, $y_{2},$ $y_{2}’\in K$ (L2)1, $y_{3}\in K$ (L3)1
$\{$
$y_{1}+y_{2}+y_{3},$ $y_{1}-y_{2}+y_{3}$ , $-2y1+y3,$






(2) . $X$ line bundle $L_{0}=L$(H, $\alpha_{0}$ ) principal polarization
. $\Lambda=\Lambda_{1}\oplus\Lambda_{2}$ $\Lambda_{2}\otimes_{\mathrm{Z}}\mathbb{C}=V$
, $\Lambda_{2}$ $V$ $\mathbb{C}$ $V=\mathbb{C}^{\mathit{9}}$ . $X=\mathbb{C}^{\mathit{9}}/(\tau \mathbb{Z}+\mathbb{Z})$ ,
$\tau\in \mathbb{H}_{g}$ , polarization $H$ $H=({\rm Im}\tau)^{-1}$
. $H$ , $\theta(y_{1},y_{2}),\rho$ $\tau$
.






$g \rho(\beta)\sum_{N\in M_{g,2}(\mathrm{Z})}\exp\pi i\mathrm{b}( (\begin{array}{ll}18 00 6\end{array})[N+ \frac{1}{36}(\begin{array}{ll}6^{t}\beta -2^{t}\eta_{1}18^{t}\sqrt -6^{t}\eta_{2}\end{array})] \tau)$.
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theta ( $[\mathrm{A}$ , Chapter 1,2] ), $\theta(y_{1},y_{2}),\rho\in M_{1}(\Gamma^{\mathit{9}}(36))$
.
$g=2$ . $\dim H^{0}(X, L)=9$
$X$ $\mathrm{P}^{8}$ . modular form
, theta
.
. $K(L^{6})_{1}=$ (a, $b$), $a,$ $b\in$ $\{0,1, \ldots, 17\}$
, $K$ (L)1, $K(L^{2})_{1}=Z_{6},$ $K$ (L3)1 $K(L)_{1}=\{$’(0,0), ${}^{t}($0,6), $\ldots\}$ $K$ (L6)1
. $H^{0}(X, L)$ , $\mathrm{P}^{8}$
$X_{0,0},$ $X_{0,6},$ $X_{0,12},$ $X_{6,0},$ $X_{6,6},$ $X_{6,12},$ $X_{12,0},X_{12,6},$ $X_{12,12}$
-
$\Theta\{\begin{array}{ll}a bc d\end{array}\}( \tau):=\sum_{N\in M_{2}(\mathrm{Z})}\exp\pi i((\begin{array}{ll}18 00 6\end{array})[N+ \frac{1}{36}(\begin{array}{ll}a bc d\end{array})] \tau)$
, $\rho\in\hat{Z}_{6}$ ,
$\theta$” $(_{zw}^{xy})= \sum_{a,b\in \mathrm{Z}/6\mathrm{Z}}\rho(\begin{array}{l}3a3b\end{array})\Theta\{\begin{array}{ll}6a-2x 6b-2z-2y18a \mathrm{l}8b-2w\end{array}\}$ :
$W_{3}=$ {0,3, 6} , $\hat{Z}_{6}^{+}$ $\rho\in\hat{Z}_{6}$ $\rho^{2}\equiv 1$ , $W_{3}^{2}$ mod






















$X_{0,0}^{3}+X_{6,0}^{3}+X_{12,0}^{3}-X_{0,6}^{3}-X_{6,6}^{3}-X_{12,6}^{3}=3(X_{0,0}X_{6,0}X_{12,0}-X_{0,6}X_{6,6}X_{12,6})x_{0,0}^{3}+X_{6,0}^{3}+X_{12,0}^{3}-X_{0,12}^{3}-X_{6,12}^{3}-X_{12,12}^{3}= \frac{\frac{\theta^{\rho_{1}}}{\theta^{\rho 1}}\theta^{\rho\iota}()(^{00}\mathrm{o}\mathrm{o}_{00})(^{06}\mathrm{o}\mathrm{o}_{00})}{\frac{\theta^{\rho 2}3}{\theta^{\beta 2}}\theta^{\rho_{1}}(_{00}^{06}),(_{06}^{00})(_{\mathrm{o}0}^{00})}(X_{0,0}X_{6,0}X_{12,0}-X_{0,12}X_{6,12}X_{12,12})X_{0,0}^{3}+X_{0,6}^{3}+X_{0,12}^{3}-X_{6,0}^{3}-X_{6,6}^{3}-X_{6_{1}12}^{3}=3(X_{0,0}X_{0,6}X_{0,12}-x_{\epsilon,0}x_{6,6}x_{6,12})$
$X_{0,0}^{3}+X_{0,6}^{3}+X_{0,12}^{3}-X_{12,0}^{3}-X_{12,6}^{3}-X_{12,12}^{3}=3 \frac{\theta^{\rho 2}(_{00}^{00})}{\theta^{\rho 2}(_{06}^{00})}(X_{0,0}X_{0,6}X_{0,12}-X_{12,0}X_{12,6}X_{12,12})$
$X_{0,0}^{3}+X_{6,6}^{3}+$ X123,12-X03,6-XR,12-X1$2$ , $0^{=3\frac{\theta^{\rho \mathrm{a}}(_{00}^{00})}{\theta^{\rho\epsilon}(_{06}^{06})}(X_{0,0}X_{6,6}X_{12,12}-X_{0,6}X_{6,12}X_{12,0})}$
$X_{0,0}^{3}+X_{6,6}^{3}+X_{12,12}^{3}-X_{0,12}^{3}-X_{6,0}^{3}-X_{12,6}^{3}=3 \frac{\theta^{\rho \mathrm{s}}(_{00}^{00})}{\theta^{\rho s}(_{06}^{06})}(X_{0,0}X_{6,6}X_{12,12}-X_{0,12}X_{6,0}X_{12,6})$
$x_{0,0}^{3}+x_{6,12}^{3}$ \dagger $X_{12,6}^{3}-X_{6,0}^{3}-X_{12,12}^{3}-$ X03,6 $=3 \frac{\theta^{\rho_{4}}(_{00}^{00})}{\theta^{\beta 4}(_{012}^{06})}$ ($X_{0,0}X_{6,12}X_{12,6}-$ X6,0X12,12X0,6)
$X_{0,0}^{3}+X_{6,12}^{3}+X_{12,6}^{3}-X_{12,0}^{3}-$ X’,12-X63,6






$\sum$ $\rho(\begin{array}{l}ab\end{array})X_{6+2a,6+2b}^{2}X_{12+2a,2b}=\frac{\theta^{\rho}(_{20}^{40})}{\theta^{\rho}(26)40}($ $\sum$ $\rho(\begin{array}{l}ab\end{array})X_{6+2a,12+2b}X_{6+2a,2b}X_{12+2a,2b})$
$a,b\in W_{3}$ $a$ , $b$EW3
$\sum_{a,b\in W\mathrm{s}}\rho(\begin{array}{l}ab\end{array})X_{6+2a,6+2b}^{2}X_{2a,12+2b}=\frac{\theta^{\rho}(_{40}^{20})}{\theta^{\rho(_{40}^{26})}}(\sum_{a,b\in W_{3}}\rho(\begin{array}{l}ab\end{array})X_{12+2a,6+2b}X_{2a,6+2b}X_{2a,12+2b})$
$\sum_{a,b\in W_{8}}\rho(\begin{array}{l}ab\end{array})X_{6+2a,6+2b}^{2}X_{2a,2b}=\frac{\theta^{\rho}(_{20}^{20})}{\theta^{\rho}(_{20}^{26})}(\sum_{a,b\in W_{3}}\rho(\begin{array}{l}ab\end{array})X_{6+2a,12+2b}X_{6+2a,6+2b}X_{2a,2b})$
8 , $\rho$ $\hat{Z}_{6}^{+}$ .











i $( (\begin{array}{ll}2 33 6\end{array})[N+\frac{1}{9}T_{j}]\tau)$, $(1\leq j\leq 5)$
$T_{1}=(\begin{array}{ll}0 00 0\end{array}),$ $T_{2}=(\begin{array}{ll}0 01 0\end{array}):$ $T_{3}=(\begin{array}{ll}0 00 1\end{array}),$ $T_{4}=(\begin{array}{ll}0 01 1\end{array}),$ $T_{5}=(\begin{array}{l}001-1\end{array})$
. [G1] (r $M_{1}$ (\Gamma 2(3)) .
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Theorem 2.2( 2)
$t_{i}=\Theta_{i}$ $(1\leq i\leq 5)$ ,
$\Theta_{1},$
$\ldots,$
$\Theta_{5}$ 3 modular form .




, , $\theta^{\rho}(_{2z6w}^{2x6y})/\theta^{\rho}(_{2z6v}^{2x6u})$ $\mathrm{A}\mathrm{a}$
.
Theorem 2.3 ( 3) $\theta^{\rho}(_{2z6}^{2x6}\mathrm{u})$ , $\Gamma^{2}(3)$ $\chi$
, $\theta^{\rho}(_{2z6w}^{2x6y})\in M_{1}$ (r2(3), $\chi$),
$\theta^{\rho}(_{2z6w}^{2x6y})|1)=\chi())\theta^{\rho}(_{2z6w}^{2x6y})$ $\forall\gamma\in\Gamma^{2}(3)$
$\chi$
$\Gamma^{2}(9)$ trivial $\chi^{3}\equiv 1$ , $x,$ $y,$ $\rho$
. , 1 , r2(3)- .
$\theta^{\rho}(_{2z6w}^{2x6y})\in M_{1}$ (\Gamma 2(36)) , ,
, $\Gamma^{2}(3)/\Gamma^{2}(36)$ .
Lemma 2.4 $\Gamma^{2}(9)/\Gamma^{2}(36)$








Lemma 25 $\Gamma^{2}(3)/\Gamma^{2}(9)$ $(\mathbb{Z}/3\mathbb{Z})^{10}$ $\tau$
$\gamma(S_{i})=(\begin{array}{ll}1_{2} 3S_{i}0 1_{2}\end{array})$
$j$
$\delta(S_{i})=(\begin{array}{ll}1_{2} 03S_{i} 1_{2}\end{array}),$ $(1\leq i\leq 3)$ ,




$S_{1}=(\begin{array}{ll}1 00 0\end{array}),$ $S_{2}=(\begin{array}{ll}0 11 0\end{array}),$ $S_{3}=(\begin{array}{ll}0 00 1\end{array}),$
$U_{1}=(\begin{array}{ll}1 30 1\end{array}),$ $U_{2}=(\begin{array}{ll}1 03 1\end{array}),$ $U_{3}=\{$
4 3
-3 -2
$(1_{2}+3X)(1_{2}+3\mathrm{Y})\equiv 1_{2}+3(X+\mathrm{Y})\mathrm{m}$od9 , $\Gamma^{2}(3)/\Gamma^{2}$ (9)
. 3 ,
. [G2] .
, Lemma 2.4 , $\Gamma^{2}(3)/\Gamma^{2}(36)$
. 10 $\theta^{\rho}(_{2z6w}^{2x6y})$












$\omega^{2\beta z}$ $j=1$ ;
$\omega^{2\alpha x}$ $j=2$ ;
$\omega^{2\alpha(x+z)+\beta(x+z)}$ $j=3$;
$\chi(\nu)=\omega^{(\alpha-x)^{2}}$
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